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Four thermodynamic tensorial quantities, equivalents of the thermodynamic potentials, namely the
chemical potential tensor, the tensor of enthalpy, the tensor of free energy and the tensor of internal
energy are presented. The last three of them are proposed in this paper and connections between all
of these tensors are derived. The tensorial forms of the thermodynamic potentials are expressed in terms
of four possible pairs of independent state variables. A set of sixteen alternative expressions, four for each
tensorial form of the thermodynamic potential are derived and their importance discussed.
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Mixture theory (the theory of interacting continua) was ﬁrst
presented within the framework of continuum mechanics by
Truesdell (1957). For more details the reader may refer to Green
and Naghdi (1969), Atkin and Craine (1976), Bowen (1976), Trues-
dell (1984), Müller (1985), Samohyl (1987), Rajagopal and Tao
(1995), Wyrwał (2004) and Massoudi (2008).
Truesdell (1984) has deﬁned the tensorial quantity, called
chemical potential tensor of the mixture constituent, similar to
speciﬁc chemical potential (partial free enthalpy or partial Gibbs
function). The idea, that in a stressed material the chemical poten-
tial is a tensor, was also independently proposed by Ramberg
(1963). A theory of mixtures based on the idea of a chemical poten-
tial tensor has been formulated by Bowen (1967). Pidstryhach
(1965) introduced into the models of deformation of materials, a
new nontraditional tensorial thermodynamic pair, namely the ten-
sor of chemical potential and the tensor of substance concentration
(see also Rushchytskyi (2001)). This approach was conﬁrmed by
Grinfeld (1991). The tensor nature of concentration results from
anisotropic mass distribution in the general theory of solids defor-
mation. In the early nineties Povstenko (1993) proposed the diffu-
sion equation for the concentration tensor. A thermodynamically
well-posed deﬁnition of the chemical potential tensor for the
deformable solids was proposed by Guzev (2005). The tensorial
character (anisotropy) of the chemical potential in the mechano-
chemistry was described by Rusanov (2002). He pointed out thatll rights reserved.
rynowicz).the energy of a solid depends not only on mass, but also on the
way the mass is changed.
Another tensorial form of the chemical potential (also called
Eshelby tensor or energy momentum tensor) has been suggested
by several authors. Samohyl and Pabst (1997) have shown that
in general mixtures, the role of chemical potential is played by
the Eshelby tensor. The chemical potential was linked to an
appropriately deﬁned energy momentum tensor by Wu (2002).
Later Buratti et al. (2003) published a paper in which they
emphasized the similarity of Eshelby tensor to the Gibbs free en-
ergy (free enthalpy). These chemical potential tensors were used
to formulate criteria for phase equilibrium between phases of
materials of any symmetry, especially for their mixtures (Samo-
hyl and Pabst, 2004). Recently a modiﬁed energy momentum
tensor which includes the body force term was introduced by
Lubarda (2008).
In present paper a procedure to deﬁne three additional thermo-
dynamic tensors is proposed. These are:
 the tensor of enthalpy Haij ,
 the tensor of free energy Faij and
 the tensor of internal energy Uaij .
These tensors are formally similar to speciﬁc enthalpy ha, spe-
ciﬁc free energy fa and speciﬁc internal energy ua of mixture con-
stituents, respectively. The main purpose of this paper is to link the
thermodynamic scalar potentials ha; f a and ua to the tensorial
quantities Haij; F
a
ij and U
a
ij .
The four tensors mentioned Gaij; H
a
ij; F
a
ij and U
a
ij are expressed
in terms of four possible pairs of independent state variables:
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the partial stress tensor, the mixtures temperature, the speciﬁc
entropy of the constituent a and its speciﬁc volume, respectively.
Consequently, a set of sixteen alternative expressions, four for
each tensorial form of the thermodynamic potential are ob-
tained. The connections between all these tensors are described
in detail.
2. Equations of balance for constituents a
Following Truesdell (1984), we consider the mixture as a super-
position of a ﬁxed number of n constituents denoted by a. Carte-
sian components of vector and tensors are denoted by Latin
subscripts (for which the Einstein summation convention holds).
Throughout the paper ot represents the partial derivative with re-
spect to time t and ðÞ;i is the partial derivative with respect to coor-
dinate xi.
Like other continua, the motion of a constituent of the mixture
is governed by the following differential equations of balance
(Müller, 2001):
2.1. Balance of masses
otqa þ qavai
 
;i ¼ sa; ð1Þ
where qa denotes the density of constituent a; vai is its velocity, sa
is the production density of mass of the constituent a. The quantity
sa describes the local interaction of masses.
2.2. Balance of momenta
ot qavaj
 
þ qavaj vai  Taij
 
;i
¼ qaf aj þmaj ; ð2Þ
where Taij stands for the partial stress tensor, f
a
j is the external par-
tial body force density acting on the mixture constituent a; maj is
the production density of momentum (the momentum supply) of
the constituent a. The quantity maj describes the local interaction
for linear momentum. If the mechanical state of the mixture is iso-
tropic the partial stress tensor Taij reduces to
Taij ¼ padij; ð3Þ
where pa is the partial isotropic pressure of constituent a; dij is Kro-
necker delta. Therefore the partial stress tensor Taij has no tangential
component.
2.3. Balance of energies
ot qa ua þ
1
2
v2a
  	
þ qa ua þ
1
2
v2a
 
vai þ qai  Taijvaj
 	
;i
¼ qara þ ea;
ð4Þ
where ua denotes the speciﬁc internal energy density of the con-
stituent a; v2a ¼ vai vai ; qai is the partial heating ﬂux for the con-
stituent a; ra is the external heat supply, ea is the energy
supply (the production density of energy) to the constituent a
from other constituents. The quantity ea describes the local inter-
action of energies.
2.4. Balance of entropies
ot qasað Þ þ qasavai þ
qai
T
 
;i
¼ qara
T
þ ra; ð5Þ
where sa is the speciﬁc entropy of constituent a; T is the tempera-
ture of the mixture, qai =T is the non-convective partial entropy ﬂux,ra is the production density of entropy of constituent a (due to the
chemical and dynamical interaction of the constituents).
3. Equations of balance for mixtures
Conservation of mass, momentum, energy and growth of entro-
py requires that
Xn
a¼1
sa ¼ 0;
Xn
a¼1
mai ¼ 0;
Xn
a¼1
ea ¼ 0;
Xn
a¼1
ra P 0; ð6Þ
indicating that the mass, momentum and energy of the whole mix-
ture are neither created nor destroyed and the growth of themixture
entropy remain non-negative. Accordingly, the ﬁeld equations and
entropy inequality of the multi constituent mixture are as follows
(Müller, 2001):
3.1. Balance of mass (the continuity equation)
otqþ qv ið Þ;i ¼ 0; ð7Þ
in which q is the total mass density denoted as
q ¼
Xn
a¼1
qa; ð8Þ
v i is the velocity of mixtures deﬁned by
v i ¼
Xn
a¼1
cavai ; ð9Þ
where ca is the concentration of the constituent a given by
ca ¼ qaq ; 0 6 ca 6 1; ð10Þ
with the property that
Xn
a¼1
ca ¼ 1: ð11Þ3.2. Balance of momentum (the equations of motion)
ot qv j
 þ qv jv i  Tij ;i ¼ qfj; ð12Þ
in which Tij is the total stress tensor for the mixture (Truesdell and
Toupin, 1960) deﬁned by
Tij ¼ TIij  TDij : ð13Þ
Above deﬁnition is based on the well-known kinetic theory of gases
and contains inner stress tensor TIij ¼
Pn
a¼1T
a
ij and diffusion stress
tensor TDij ¼
Pn
a¼1T
Da
ij , where T
Da
ij ¼ qauai uaj stands for the diffusion
partial stress tensor and uai denotes the diffusion velocity of the con-
stituent deﬁned as
uai ¼ vai  v i: ð14Þ
The total external body force density acting on the mixture is re-
lated to f ai by
fi ¼
Xn
a¼1
caf ai : ð15Þ3.3. Balance of internal energy (the thermal energy equation)
otðquÞ þ quv i þ qið Þ;i ¼ Tijv i;j þ qr; ð16Þ
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u ¼
Xn
a¼1
ca ua þ uDað Þ; ð17Þ
where uDa is the diffusion energy of constituent a deﬁned by
uDa ¼ 12u
a
i u
a
i ; ð18Þ
qi denotes the heat ﬂux expressed by
qi ¼
Xn
a¼1
qai þ ua þ uDað Þdij  vaTaij
h i
jaj
n o
; ð19Þ
where va  1=qa is the speciﬁc volume of constituent a and jai is the
diffusion ﬂux density of constituent a deﬁned as
jai ¼ qauai : ð20Þ
The quantity r in Eq. (16) is related to ra in Eq. (4) by
r ¼
Xn
a¼1
ca ra þ f ai uai
 
: ð21Þ3.4. Entropy inequality (Clausius–Duhem–Müller entropy growth
inequality)
otðqsÞ þ qsv ið Þ;i P hi;i þ
qr
T
; ð22Þ
where s is the speciﬁc entropy for the mixture denotes as
s ¼
Xn
a¼1
casa; ð23Þ
hi denotes the entropy ﬂux (an inﬂux vector for the mixture) de-
ﬁned by
hi ¼ 1T qi þ
Xn
a¼1
fa þ uDað Þdij  vaTaij
h i
jaj
( )
; ð24Þ
where fa is the speciﬁc free energy of the constituent a.
For a deeper discussion of the nature of the diffusion velocity uai ,
the diffusion stress tensor TDij and the diffusion energy
uD ¼
Pn
a¼1uDa for ordinary diffusion the reader may refer to Mills
(1998).14. Chemical potential tensor
The entropy ﬂux density for general mixture, Eq. (24), can be
written as
hi ¼ 1T qi þ
Xn
a¼1
Gaij j
a
j
 !
: ð25Þ
The tensor appearing in the above formula is deﬁned by
Gaij ¼ fa þ uDað Þdij  vaTaij; ð26Þ
Note that the tensorial nature of the quantity Gaij is connected with
stress tensor Taij . Adopting the approximation that the mechanical
state of the mixture is isotropic, Eq. (3), and neglecting the term
uDa associated with the diffusion velocity (second order effect),
leads to the following form of Eq. (26).
Gaij ¼ fa þ pavað Þdij: ð27Þ
Taking into account that
ga ¼ fa þ pava ð28Þstands for the speciﬁc chemical potential (partial free enthalpy or
partial Gibbs free energy) of the constituent a1 and
fa ¼ ua  Tsa ð29Þ
is its speciﬁc free energy, we see that Gaij for such isotropic mixtures
(e.g. ﬂuids) takes the classical scalar form
Gaij ¼ gadij: ð30Þ
More generally, for any mixture of any symmetry (e.g. a solid) the
chemical potential Gaij is a linear transformation given by Eq. (26)
and may be called the chemical potential tensor (Truesdell, 1984).
It is worth pointing out that the tensor Gaij of immobile constit-
uents (solids) is closely related to stress tensor Taij , whose
anisotropy causes the anisotropy of the chemical potential.
Consequently, the tensorial form of the chemical potential auto-
matically appears in Eq. (26). For mobile constituents (gases and
liquids) the chemical potential tensor Gaij turns to be spherical
and may be written in a scalar form given by Eq. (30).
It should be pointed out that the quantity deﬁned by Eq. (26) is
not the same as the chemical potential tensor deﬁned by Bowen
(who applied it to mixtures of elastic materials), i.e.
Kaij ¼ fadij  vaTaij; ð31Þ
which is a special case of the tensor Gaij . The quantity K
a
ij in Eq. (31) is
related to Gaij in Eq. (26) by following formula
Gaij ¼ uDadij þ Kaij: ð32Þ
For more details on the use of the chemical potential tensor in the
study of mixtures the reader may refer to Bowen (1967, 1976) as
well as Bowen and Wiese (1969).
5. Enthalpy tensor
To simplify notation, we denote the vector of heat ﬂux, Eq. (19),
brieﬂy by
qi ¼ qIi þ qDi ; ð33Þ
where qIi is the inner heating ﬂux vector denoted as
qIi ¼
Xn
a¼1
qai ; ð34Þ
and qDi is the heat ﬂux vector due to the diffusion of the mixture
constituents deﬁned by
qDi ¼
Xn
a¼1
qDai : ð35Þ
In the above equation symbol qDai represents the diffusion heat ﬂux
for constituent a and is given by
qDai ¼ Haij jaj : ð36Þ
The tensor Haij appearing in formula (36) deﬁned as
Haij ¼ ua þ uDað Þdij  vaTaij ; ð37Þ
is a linear transformation that assigns to each diffusion ﬂux vector jai
the vector of heat ﬂux qDai .
If the mechanical state of the mixture is isotropic, Taij ¼ padij
and we neglect the term uDa as being of second order, which we
may assume, then Eq. (37) can be written as
Haij ¼ hadij; ð38Þ
where ha is the speciﬁc enthalpy of mixture constituent a given byHistorically, the chemical potential is denoted by the symbol la .
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Taking into account Eqs. (38) and (39), tensor Haij as given by (37)
may be called the enthalpy tensor of the mixture constituent a.
The action of the enthalpy tensor Haij given by Eq. (36) upon the dif-
fusion ﬂux vector jai provides the heat ﬂux q
Da
i .
The application of the name ‘‘enthalpy tensor” for the tensor Haij
is supported by the fact that for isotropic mixtures this tensor re-
duces to the classical scalar chemical potential ha deﬁned by the
Eq. (39). Hence all eigenvalues of the enthalpy tensor are identical
and are determined by the scalar quantity, called the speciﬁc
enthalpy.
For general mixtures the tensorial form of enthalpy is given by
the Eq. (37) which emphasizes the interrelation between the en-
thalpy tensor Haij and the partial stress tensor T
a
ij whose anisotropy
determines the anisotropy of the enthalpy. Inserting Eqs. (36) and
(35) into Eq. (33) one obtains the heat ﬂux qDi due to the diffusion
of the mixture constituents in the form
qDi ¼
Xn
a¼1
Haij j
a
j ; ð40Þ
while for the mixture of mobile constituents (e.g. ﬂuid) the equilib-
rium partial stress tensor Taij is the partial pressure pa and the en-
thalpy tensor Haij reduces to the classical scalar enthalpy ha given
by the Eq. (39). If the enthalpy tensor Haij is deﬁned by Eq. (38), then
Eq. (36) can be written as
qDai ¼ hajai : ð41Þ
With the use of the above equation, we can write Eq. (35) in the
well-known form of Bird et al. (1960)
qDi ¼
Xn
a¼1
haj
a
i : ð42Þ
It is clear that the Eq. (40) is a generalization of the Eq. (42) to the
Truesdell’s mixtures theory. It seems that the enthalpy tensor Haij
may be useful in considerations of the dynamics of anisotropic ﬂu-
ids instead of the scalar enthalpy ha.
6. Internal and free energy tensors
Among four thermodynamic potentials: gaðpa; TÞ; haðpa; saÞ;
f aðva; TÞ and uaðva; saÞ we can ﬁnd the following relations (Lubar-
da, 2004):
ga ¼ fa þ pava
¼ ha  Tsa ð43Þ
¼ ua þ pava  Tsa;
ha ¼ ua þ pava
¼ ga þ Tsa ð44Þ
¼ fa þ pava þ Tsa;
fa ¼ ga  pava
¼ ua  Tsa ð45Þ
¼ ha  pava  Tsa;
ua ¼ ha  pava
¼ fa þ Tsa ð46Þ
¼ ga  pava þ Tsa:
After comparing relation (26) with (43)1, that is
Gaij ¼ fa þ uDað Þdij  vaTaij $ ga ¼ fa þ pava; ð47Þ
and (37) together with (44)1, that is
Haij ¼ ua þ uDað Þdij  vaTaij $ ha ¼ ua þ pava; ð48Þone may come to a conclusion that, using relations (45)1 and (46)1,
the tensorial forms of the free energy fa and internal energy ua, may
be introduced as follows:
– the free energy tensor
Faij ¼ ga þ uDað Þdij þ vaTaij $ fa ¼ ga  pava; ð49Þ
– and the internal energy tensor
Uaij ¼ ha þ uDað Þdij þ vaTaij $ ua ¼ ha  pava: ð50Þ
If the mechanical state of the mixture is isotropic, Taij ¼ padij and
we neglect the term uDa then the above two tensors F
a
ij and U
a
ij turn
to be spherical and may be written in the following scalar formsFaij ¼ fadij; ð51Þ
and
Uaij ¼ uadij; ð52Þ
which additionally justiﬁes their names.
7. Connections between tensorial forms of the thermodynamic
potentials
The tensors Gaij; H
a
ij; F
a
ij and U
a
ij are connected with thermody-
namic potentials ga; ha; f a and ua in the following way:
Gaij ¼ fa þ uDað Þdij  vaTaij
¼ ha þ uDa  Tsað Þdij ð53Þ
¼ ua þ uDa  Tsað Þdij  vaTaij ;
Haij ¼ ua þ uDað Þdij  vaTaij
¼ ga þ uDa þ Tsað Þdij ð54Þ
¼ fa þ uDa þ Tsað Þdij  vaTaij;
Faij ¼ ga þ uDað Þdij þ vaTaij
¼ ua þ uDa  Tsað Þdij ð55Þ
¼ ha þ uDa  Tsað Þdij þ vaTaij;
Uaij ¼ ha þ uDað Þdij þ vaTaij
¼ fa þ uDa þ Tsað Þdij ð56Þ
¼ ga þ uDa þ Tsað Þdij þ vaTaij:
Using the above relations it is possible to show that tensors of ther-
modynamic potentials Gaij; H
a
ij; F
a
ij and U
a
ij are linked together by fol-
lowing formulas:
Gaij T
a
ij; T
 
¼ Faij va; Tð Þ  vaTaij
¼ Haij Taij; sa
 
 Tsadij ð57Þ
¼ Uaij va; sað Þ  Tsadij  vaTaij;
Haij T
a
ij; sa
 
¼ Uaij va; sað Þ  vaTaij
¼ Gaij Taij; T
 
þ Tsadij ð58Þ
¼ Faij va; Tð Þ þ Tsadij  vaTaij;
Faij va; Tð Þ ¼ Gaij Taij ; T
 
þ vaTaij
¼ Uaij va; sað Þ  Tsadij ð59Þ
¼ Haij Taij; sa
 
 Tsadij þ vaTaij;
Uaij va; sað Þ ¼ Haij Taij; sa
 
þ vaTaij
¼ Faij va; Tð Þ þ Tsadij ð60Þ
¼ Gaij Taij; T
 
þ Tsadij þ vaTaij:
Table 1
Relations between tensor quantities (57)–(60).
vaTaij
#
Tsadij ! þvaTaij
"
Uaij F
a
ij ¼ Uaij  Tsadij
Haij ¼ Uaij  vaTaij Gaij ¼ Uaij  Tsadij  vaTaij
 þTsadij
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sketch (similar to the Schroeder diagram).
Table 1 may help to memorize relations (57)–(60).
It is worth noting that the differences between internal energy
tensor and enthalpy tensor together with free energy tensor and
chemical potential tensor are equal, so
Uaij  Haij ¼ Faij  Gaij ¼ vaTaij: ð61Þ8. Conclusions
The paper proposes three new tensors, i.e. enthalpy tensor Haij ,
free energy tensor Faij and internal energy tensor U
a
ij . The deﬁned
quantities contribute to clear understanding of the directed charac-
ter of thermodynamic processes in a general mixture depending on
it’s mechanical state determined by anisotropy of the partial stress
tensor Taij (see also Guzev (2005)). The construction of the tensors
Haij , F
a
ij and U
a
ij wasmotivated by Truesdell chemical potential tensor
Gaij and their names are consequences of their formal relations to
such scalar quantities as enthalpy ha, free energy fa and internal en-
ergy ua given by Eqs. (37), (49) and (50), respectively (see also
Buratti et al. (2003)). The proposed tensorial quantities can be inter-
preted as natural generalizations of the classical thermodynamic
potentials within the Truesdell’s theory of mixtures.
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